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Abstract 
We have obtained several results on distance-regular graphs by using intersection diagrams with 
respect to adjacent vertices. In this paper, we give an application of the intersection diagram with 
respect to nonadjacent vertices. 
1. Introduction 
Let G be a connected graph and let i? denote the usual metric on the vertex set 
V’= V(G) of G. For vertices u, u in G and nonnegative integers r, s, we use the following 
notation: 
D;(u,u)=T,(u)nT,(u). 
We have obtained several results, mainly on distance-regular graphs, by a systematic 
study of the family { D~(u, u)},,, which we call the intersection diagram of G of rank 
~(u,u) (see [3, 77121). All of these results were obtained by using the intersection 
diagram with respect to adjacent vertices (i.e. rank 1). In this paper, we give an 
application of the intersection diagram with respect to nonadjacent vertices (rank > 1). 
Recently, Suzuki [ 14,151 obtained some interesting applications of intersection dia- 
grams of high rank, see also [ 133. 
G is said to be distance-regular if the size of D:(u, II) depends only on the distance 
between u and u, rather than the individual vertices. In this case, we write 
p:, = ) Di( u, u) 1, where t = a( u, u). Let d = d(G) be the diameter of G and k be the valency 
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of G, and let 
0 Cl ‘..... G ..*... cd-l cd 
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. . . . . . 
ad-l ad 
k h 
. . . . . . 
b, ...... bd-l 0 
be the intersection array of G, where c,=p;,_r, a,=p;,, b,.=~;~+~. More precise 
description about distance-regular graphs will be found in [l, 51. 
In this paper we shall give a simple proof of the following result by using the 
intersection diagram with respect to nonadjacent vertices. 
Theorem 1.1. Let G be a distance-regular graph with odd diameter d =2r+ 123. If 
G has the following intersection array: 
I 
0 1 c2 . . . . . . c, G+1 G+2 . . . . . . cd-l k 
0 0 0 ...... 0 a,,, 0 . . . . . . 0 0 
k b, b2 ‘..... b, b,+l br+2 ...... bd-l 0 
and pjdd= 0 for j> 3, then G is bipartite (i.e. a,, 1 = 0). 
A slightly weaker result had been obtained independently by Brouwer [4], and the 
above result itself is not essentially new except the case with d = 5. Brouwer [4] also 
treated the case of even diameter. 
Theorem 1.1 gives a partial answer to a question of Bannai-Ito about multiple 
P-polynomial structure of association schemes (see [l, 111.4, pp. 2591). The following 
conjecture implies the final answer to this question. 
Conjecture 1.2. There is no distance regular graph G with diameter d >3 which 
satisfies: 
(1) pqj=O for all i,j with i+j#d, d+2. 
(2) &d+o. 
2. The intersection diagram 
Let G be a distance-regular graph which satisfies the assumptions of Theorem 1.1. 
Fix two vertices U, v in G with a(u, v)=d=d(G), and put Dj=Dj(u, v). We draw the 
family { Oj}ij as shown in Fig. 1, where d = 7 = 2r + 1, r = 3, as an example. In Fig. 1, 
a line between two entries indicates the possibility of existence of edges between them. 
We call this diagram the intersection diagram of G with respect to u, v. We say that the 
intersection diagram has rank d = a( u, v). 
Lemma 2.1. Djd=D$=@ for 3<j<d. 
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Fig. 1. 
Proof. Since a(u, a)=d, Df =pf, holds for every i, s. By the assumption of Theorem 
1.1, we have pjdd=O; therefore, Dj,=@ for j 3 3. By similar arguments we also have 
Dj=@ since p~j=pgd=O forj33. 0 
Lemma 2.2. Df = ~3 for all i,j with i +j 3 d + 3. 
Proof. Assume Dj # 8 for some i, j with i + j 2 d + 3, where we take i to be maximal. 
Then i< d by Lemma 2.1. Let x be a vertex in Df. Since XETi( U), there are bi edges 
from x to ri + 1(u), where bi > 0 by i < d. This implies 
This contradicts the maximality of i. 0 
For a subset A in G, the number of edges from a vertex x to A will be denoted by 
4&A). 
Lemma 2.3. D a+l-j=@fOr i#r+ 1. 
Proof. Assume D6+ 1 _i # (?J for some i, where we take i to be minimal. It is clear i > 0, 
andwemayassumei,<r.Putj=d+l-i,andtakeavertexxinDf.WehaveD:T:=CI 
by the minimality of i. Since xeTi(u), there are ci edges from x to ri_ i(u). So we get 
e(x, Df-‘)=ci>O. Therefore, there is an edge xy with y~Dj_‘. Thus, xy is an edge in 
rj( 0). But we have aj = 0 since r + 2 <j < d, a contradiction. 0 
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For a vertex x in an entry Dj of the diagram, we shall determine the number of edges 
from x to another entry Dj:. 
Lemma 2.4. (1) Zfi+j=d and XED~, then e(x, Dj;i)=Ci and e(x,DjZ:)=cj. 
(2) Ifi+j=d+2 and XED~, then e(x,Df;:)=bj and e(x,D:T:)=bi. 
(3) Zfi+j=d, 1 <i<r and XED~, then e(x,Djzt)=bj-CL. 
(4) Ifi+j=d, l<i<r and XED:~:, then e(x,Df)=ci+l-bj+,. 
(5) UXED::: > then e(x,D:+,)=c,+, and e(x,D:I:)=b,+,. 
(6) lf xeD:+ I > then e(x,D:I:)=a,+,. 
(7) UXED:::, then e(x,D:~:)=a,+,. 
Proof. (1) Since xETi( U), there are ci edges from x to ri_ r(u), Then we get 
e(x, Dj;:)=ci. We also get e(x, D$?:)=e(x, rj_1(U))=cj. (3) Since x~Tj(V) and 
Dj,, =8, we get 
We also have, by (l), e(x,Dj;:)=c;. Thus, we get e(x,Dfzi)=bj-ci. (6) Since 
x~T,+r(o), there are a,+r edges from x to I’,,, (0). Here, there is no edge from x to 
D:+ I since D:+l CT,(U) and a,=O. This implies e(x,D:T:)=a,+l. 0 
3. Proof of Theorem 1.1 
Let G be a distance-regular graph which satisfies the assumption of Theorem 1.1. 
We consider the intersection diagram { Dj} with respect to u, u where a( U, v) =d. Put 
m=lD;::I. 
Lemma 3.1. For 0 < i < r, 
(1) lKi+ll= 
mc~+lC,C,-l “““C,-i+l 
> 
a,+ 1 c,+2c,+3 ...... cr+i+ 1 
Proof. By counting the number of edges between D:+land OF::, by using Lemma 
2.4, we get ID:+llar+l=ID:~:Icr+l. This implies ~D~+l~=mc,+l/a,+l, so (1) holds 
for i=O. Similarly, we get ID:=:la,+l=ID:=:lb,+l and ~D~~~~=mb,+,/a,+,, so (2) 
also holds for i=O. For the case i >O, we can easily prove (1) and (2) by induction on 
i. 0 
Lemma 3.2. For 0 d i < Y, 
(1) c,-ic,-i+l=b,+i+lb,+i+2 for euen i, 
(2) b,_ib,_i+l=c,+i+lc,+i+z for odd i. 
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Proof. We will show (1) and (2) by induction on i. First we consider the case i = 0. By 
counting the number of edges between D:+ 1 and 0:: :, we get 
ID:+il(b,+i -c,)=lD:=:l(c,+l-b,+2). 
This implies, by Lemma 3.1, 
y++i’ (b -c,)= 
mb r+l 
r+ 1 (Cr+ 1 -br+2). 
4+1 
So we get c c -b b I r+i- c-+1 r+2, thus (1) holds for i=O. 
Now we assume i is odd and (I), (2) holds for all j with O<j < i. By counting the 
number of edges between D:;j+l and D:;iT:, we get 
lD:;i+ll(b,-i-c~+i+~)=lD~~~~~l(c~+i+2-b,-i+~)~ 
where we used the fact b,+i+l-c,_i=b,_i-c,+i+l and Cr_i+l-br+i+z= 
C r+i+2-br-i+l. Then Lemma 3.1 and the induction hypothesis imply 
& (b,-i-c,+i+l)=& (c,+i+z-br-i+i). 
I r+l 
This implies b,-ib,_. ~+l=~r+i+l~r+i+Z~ 
Next we assume i is even, i 3 2. We get 
lD:;i+~l(b,+i+l_c,-l)=ID:Ti=:l(c,-i+l_b,+i+2) 
and 
C ,+l-i(b,+i+l-C*-i)=brti+l(C~-i+l-b,+i+2). 
This implies C,_iC,_i+l=b,+i+lb,+i+*. 0 
Proof of Theorem 1.1. Put i=r- 1 in Lemma 3.2. If r is odd, we get 
C1C2 = bz,bz,+ I. This is impossible since bzr+ 1 = bd =O. If r is even, we get 
blbz =CzrCzr+ I. Since bl=k-1 and~~~+~=c,,=k,thisimplies(k-l)bz=cd_,k,and 
hence k must divide b2. But we have 0 < b2 < k, a contradiction. 0 
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